Abstract. We present a calculation of the elliptic flow and azimuthal dependence of the correlation radii in the ellipsoidally symmetric generalization of the Buda-Lund model. The elliptic flow is shown to depend only on the flow anisotropy while in case of correlation radii both flow and space anisotropy play an important role in determining their azimuthal oscillation. We also outline a simple procedure for determining the parameters of the model from data. 
Introduction
Studies of the freeze-out configuration in non-central ultrarelativistic nuclear collisions have yielded valuable information on the dynamics of the collision. The azimuthal asymmetry of hadronic momentum spectra-widely known under the somewhat vague term "elliptic flow"-is a cornerstone result for conclusions about thermalization and near perfect fluid dynamics [1] . The measurement of azimuthal dependence of correlation radii in non-central collisions indicates a fireball which breaks up while still being elongated out-of-reaction-plane [2] . This is the original orientation of the system and the observation thus provides an upper bound on the total lifespan of the created fireball and suggests an early and sudden freeze-out in a blast-wave picture, influentially suggested in ref. [3] .
These observables can result from an interplay of spatial asymmetry of the fireball and the asymmetry of the flow velocity field of an exploding fireball. The question is if and how these asymmetries can be both determined from data. Such a question can be studied in the framework of a model. Here we present a study that utilizes the Buda-Lund hydro model.
For the present study we use the ellipsoidal Buda-Lund parametrization of the freeze-out of the fireball [4] . Note that the parameterization corresponds to a solution of certain class of hydrodynamic models [5, 6, 7, 8] .
We shall show that in the Buda-Lund model elliptic flow results solely from the flow asymmetry, and that the entanglement of spatial and flow anisotropy in determining the azimuthal oscillation of the correlation radii is rather strong. This can be contrasted to other derivations that explore the conditions for quark coalescence [9] , or the numerical solutions of boost-invariant, azimuthally dependent hydrodynamics with Gaussian initial conditions [10] . Azimuthally asymmetric HBT radii were also considered recently in cascade models, e.g. in the fast MonteCarlo model of ref. [11] , or, in the Hadronic Resonance Cascade [12] . A simple procedure to disentangle spatial and momentum space anisotropy from elliptic flow and azimuthally sensitive HBT measurements was proposed for generalized blast-wave type of models in ref. [13] . Now we investigate how to disentangle these effects in the ellipsoidally symmetric version of the Buda-Lund hydro model. Let us note that we cannot attempt to evaluate or fully cite all the relevant works in this technical paper, but we kindly refer the interested readers to the review of reviews in ref. [14] , and also to ref. [15] , a recent review that emphasizes the femtoscopy aspects of particle interferometry.
The structure of our paper is as follows: In Section 2 we shall shortly introduce the basic features of the ellipsoidally symmetric Buda-Lund model. Section 3 deals with the calculation of elliptic flow and Section 4 with determining the correlation radii. Finally, in Section 5 we present a simple strategy how various parameters of an azimuthally non-symmetric fireball can be obtained from data. We conclude in Section 6.
Buda-Lund model: basic features
Perfect fluid hydrodynamics is based on local conservation of entropy σ and four-momentum tensor T µν ,
where u µ stands for the four-velocity of the matter, which is normalized to unity as u µ u µ = 1. (Entropy conservation indicates that there are no dissipative terms like bulk or shear viscosity, and heat conduction, as any of these effects would lead to entropy production). For perfect fluids, the four-momentum tensor is diagonal in the local rest frame,
Here e stands for the local energy density and p for the pressure. The local conservation of energy, momentum and entropy yield five constraints on six unknowns (the three independent components of the four-velocity field and the three thermodynamical variables, the energy density, the entropy density and the pressure). These equations are closed by the equation(s) of state, which gives the relationship between e, p (and σ), sometimes as a function of yet another variables, like the temperature T . We focus here on the analytic approach in exploring the consequences of the presence of such perfect fluids in high energy heavy ion experiments in Au+Au collisions at RHIC. Such exact analytic solutions were published recently in refs. [5, 6, 7, 8, 16] . In some of the recently found exact analytic solutions of relativistic hydrodynamics, the equation of state has a relatively simple form, typically e − B = κ(p+ B) is assumed, where B is a constant, called the bag constant which has a non-zero value in a quarkgluon plasma and has a vanishing value in the hadron gas phase. The parameter κ is either a constant like in ref. [16] or more generally, analytic solutions can be obtained even if κ = κ(T ) is an arbitrary, temperature dependent function, see for example the non-relativistic exact solutions in ref. [5] .
A tool, that includes these above listed exact, dynamical hydro solutions, as well as some other cases, and interpolates among them, is the Buda-Lund hydro model of refs. [17, 18] . This hydro model is successful in describing experimental data on single particle spectra and twoparticle correlations [4, 19] .
The Buda-Lund hydro model [17] successfully describes BRAHMS, PHENIX, PHOBOS and STAR data on identified single particle spectra and the transverse mass dependent Bose-Einstein or HBT radii as well as the pseudorapidity distribution of charged particles in central Au + Au collisions both at √ s NN = 130 GeV [19] and at √ s NN = 200 GeV [4] and in p+p collisions at √ s = 200
GeV [20] , as well as data from Pb+Pb collisions at CERN SPS [21] and h + p reactions at CERN SPS [22, 23] . The model is defined with the help of its emission function; to take into account the effects of long-lived resonances, it utilizes the core-halo model [24] .
In the Buda-Lund model, the emission function is given by that of a hydrodynamically expanding fireball, surrounded by a halo of long lived resonances. In this paper, we assume the validity of the core-halo model, i.e. that the long-lived resonances create an unresolved, narrow peak in the two-particle HBT correlation function, which results in an effective intercept parameter λ. The integrals of the emission function of the hydrodynamically expanding core are evaluated [22] in a saddle-point approximation. When an improved saddle-point calculation is performed, effective binary sources and related non-Gaussian behavior is seen in this model, in particular in the longitudinal direction [22] . However, in a Gaussian approximation, using a single saddle point in the integration, the effective BudaLund emission function looks like:
where g is the degeneracy factor (g = 1 for identified pseudoscalar mesons, g = 2 for identified spin=1/2 baryons), B(x, p) is the (inverse) Boltzmann phase-space distribution, the term s q is determined by quantum statistics, s q = 0, −1, and +1 for Boltzmann, Bose-Einstein and FermiDirac distributions, respectively, and the space-time fourvector of the point of maximal emissivity (or freeze-out) x f ≡ x f (p) depends on the momentum of the emitted particles. The time dependence of the emission is described by H(τ ), and
is the 'width' of the emission function, introducing S 0 , as the 'main' part of the emission function:
For a relativistic, hydrodynamically expanding system, the (inverse) Boltzmann phase-space distribution is
We will utilize some ansatz for the shape of the flow fourvelocity, u ν (x), chemical potential, µ(x), and temperature, T (x) distributions. Their form is determined with the help of exact solutions of hydrodynamics, both in the relativistic [6, 16, 8] and in the non-relativistic cases [25, 26, 27, 28] , with the conditions that these distributions are characterized by mean values and variances, and that they lead to (simple) analytic formulas when evaluating particle spectra and two-particle correlations. The solution is scale-invariant with the following scaling variable:
The velocity field is
with γ being the appropriate factor to ensure u · u = 1.
For the fugacity distribution we assume a shape, that leads to Gaussian profile in the non-relativistic limit,
corresponding to the solution discussed in refs. [25, 26, 5] .
We assume that the temperature may depend on the position as well as on proper-time. We characterize the inverse temperature distribution similarly to the shape used in the axially symmetric model of ref. [17, 29] , and discussed in the exact hydro solutions of refs [25, 26] ,
where T 0 and T s are the temperatures of the center, and the surface at the mean freeze-out time τ 0 , while T e corresponds to the temperature of the center after most of the particle emission is over (cooling due to evaporation and expansion). Sudden emission corresponds to T e = T 0 , and the ∆τ → 0 limit. It is convenient to introduce the following quantities
The time dependence of the emission, described by H(τ ) can be approximated with a Gaussian representation of the Dirac-delta distribution around the freeze-out proper-time τ f ,
with ∆τ being the proper-time duration of the particle production.
From now on our investigations will be performed at midrapidity. With the above shorthands, at midrapidity the Boltzmann factor at the freeze-out will have the following form:
where m t = p 2 t + m 2 and the direction dependent slope parameters are
Elliptic flow
The result for the elliptic flow, that comes directly from a perfect hydro solution is the following simple scaling law [5, 18] 
where I n (z) stands for the modified Bessel function of the second kind, I n (z) = (1/π) π 0 exp(z cos(θ)) cos(nθ)dθ. The scaling variable
This can also be written as
where E K is a relativistic generalization of the transverse kinetic energy, defined as
and we have introduced T eff , the effective slope of the azimuthally averaged single particle p t spectra as the harmonic mean of the slope parameters in the in-plane and in the out-of-plane transverse directions,
and momentum space eccentricity parameter
If there is no transverse temperature gradient (a = 0), then this simplifies as
(see refs. [5, 18, 30] for details). Thus the Buda-Lund hydro model predicted [5, 18] a universal scaling of the elliptic flow: every v 2 measurement is predicted to fall on the same scaling curve I 1 /I 0 when plotted against the scaling variable w. This means, that v 2 depends on any physical parameter (transverse or longitudinal momentum, mass, center of mass energy, collision centrality, type of the colliding nucleus etc.) only through w.
We note, that for a leading order approximation, E K ≈ m t −m, which also explains recent development on scaling properties of v 2 by the PHENIX experiment at midrapidity [31, 32] .
In general, the azimuthal anisotropy of hadronic momentum spectrum is generated by the azimuthal variation of both the absolute magnitude of the expansion velocity and its orientation. The same elliptic flow parameter v 2 can be obtained by different combinations of these two and it has been shown in the framework of blast-wave model that by modifying the latter one can completely change (even invert) the dependence of v 2 on the former [33] . Technically, this shows up as a dependence of the elliptic flow on both the spatial anisotropy and the flow anisotropy.
We see from eqs. (18)- (24) that in Buda-Lund model the velocity field is oriented in such a way that the spatial anisotropy of the hadronic freeze-out stage plays no role in determining v 2 : eq. (18) depends only on the transverse expansion ratesẊ andẎ , but it does not depend on the actual source sizes X and Y . Only difference of the slope parameters T x and T y is important for the elliptic flow. Thus the elliptic flow vanishes in this model, ifẊ =Ẏ , indicating that if the expansion rates are similar in the in-plane and out-of-plane transverse directions, v 2 = 0. In this sense, we may write that v 2 in the Buda-Lund model is driven by the difference of the in-plane and outof-plane transverse expansion rates of the fluid, during the hadronic final state.
In order to compare more easily the Buda-Lund model results for the elliptic flow with the azimuthally sensitive extension of the blast-wave model [2, 33] , we introduce ρ 0 and ρ 2 so thatẊ
The elliptic flow in the Buda-Lund model also depends on the transverse temperature gradient a of eq. (12) . It actually moderates the difference between T x and T y and increases the elliptic flow at given ρ 2 . The dependence of v 2 on flow anisotropy ρ 2 and temperature gradient a is shown in Fig. 1 .
Azimuthally dependent correlation radii
The two-particle Bose-Einstein correlation function from the Buda-Lund source function (defined in eq. (4)) is most naturally calculated in the frame given by the main axes of the ellipsoid. The result is with λ being the intercept parameter, q = p 1 − p 2 , and
Note that parameter d makes the effective life-time and the difference between the out and the side radius components momentum dependent.
From the mass-shell constraint of p
where
2 ). Thus we can rewrite eq. (27) to
with the modified radii of
The above formulas are given in the frame, specified by the main axes of the expanding, ellipsoidally symmetric fireball. In general, this frame is rotated [5] with respect to the standard out-side-long system [34] , which is given by the beam direction (longitudinal) and the transverse component of the pair momentum (outward). The correlation function in this out-side-long system is parameterized as
We denote by ϑ the tilt angle between the longitudinal direction and the z-axis and ϕ stands for the angle between the outward direction and the plane given by x and z axes-the reaction plane. In the new frame we obtain azimuthally sensitive HBT radii that are given as 
where we have introduced
If the fireball is not tilted in the reaction plane (ϑ = 0), which might appear at very high collision energies, then in the longitudinally co-moving frame (LCMS, β l = 0) the formulas further simplify as
It is convenient to decompose the correlation radii into Fourier series in azimuthal angle [35, 36] . Here, it is particularly trivial since there are only zeroth and second order terms
In this Gaussian single saddle point version of the Buda-Lund model there is no implicit azimuthal dependence of the homogeneity regions. Thus the complete dependence on ϕ is written in eqs. (36) . In such a case we observe rather known features: -The oscillation amplitudes |R -The effective duration of particle emission can be obtained from the difference of non-oscillating parts as
-We can extract the effective source sizes R 2 * ,x and R 2 * ,y from data as
If the first feature is not observed, or, if data lead to a negative r.h.s. of eq. (38) , this would indicate that the above presented Gaussian version of the Buda-Lund model is not applicable for the description of that given data. It is however well known, already in the first formulation of the Buda-Lund model, ref. [17] , the r.h.s. of eq. (38) can be negative. The exact hydro solutions and symmetry arguments require that R s,0 = R o,0 in the vanishing transverse momentum limit only, otherwise at finite transverse momentum, R s,0 > R o,0 is allowed in general. Such a behavior happens in exact, ring of fire type of hydrodynamical solutions, which were found in fireball hydrodynamics in ref. [26] . Such rings of fire type of exact hydro solutions appear if the radial flow is moderate and the temperature distribution is very inhomogeneous, in our present notation if a 2 ≫ mρ 2 0 /(2T 0 ), while nearly Gaussian fireballs appear, if the temperature is nearly homogeneous and the radial flow is strong, a 2 ≪ mρ 2 0 /(2T 0 ). The data discussed in the present paper correspond to this latter limit.
So if there is a significant negative value for R 2 o,0 − R 2 s,0 in some data set, the shell of fire type of Buda-Lund solutions can be utilized, as a generalization of the present approach. as e.g. discussed also in refs. [22, 25] . Such shell of fire structures are also seen in blastwave models, see e.g. Figs. 18 and 19 of ref. [2] and also in cascade calculations e.g. in Fig. 12 of ref. [12] .
The azimuthal dependence of correlation radii may be due to spatial deformation of the fireball as well as due to azimuthal dependence of the expansion velocity field. The interplay of these two effects in framework of the blastwave model has been studied in [33] . In order to compare with that paper we parameterize the transverse scales with the help of average radius R and asymmetry parameter a s
(note that a s corresponds to a of [33] ). The amplitude of oscillation trivially scales with the absolute size of the fireball. We want to scale out this effect in order to directly see the effect of eccentricity. Thus we shall be interested in scaled oscillation amplitudes R 
(41) We plot these scaled oscillation amplitudes in Figure 2 as functions of a s and ρ 2 . The correlation between spatial and flow asymmetry is well pronounced: one can get the same oscillation with different pairs of values for the two parameters. Note that the dependence on flow anisotropy ρ 2 in the Buda-Lund model is much stronger then in the blast-wave model of refs. [2] and [33] (Model 1 of the latter paper).
There is an additional parameter in the Buda-Lund model, which influences the oscillation: the transverse temperature gradient a defined in eq. (12) . We plot the dependence of scaled oscillation amplitude on a and a s in Figure 3 . From eq. (41) one can infer that the amplitude does not depend of a if ρ 2 = 0. For the plots we have chosen ρ 2 = 0.3. Increasing a tends to wash away the dependence of the amplitude on ρ 2 , as seen from eq. (41).
Strategy of analysis
In this section we outline how one can infer the model parameters from data on (i) azimuthally integrated spectra, (ii) elliptic flow, (iii) azimuthally and transverse momentum dependent correlation radii.
For a simple analysis strategy, one might observe, that approximate formulas can be derived assuming that the flow anisotropy parameter is small, ρ 2 ≪ 1. Keeping the leading order terms in this expansion, the following approximative formulas are obtained:
Here, T eff is the effective slope parameter of azimuthally integrated m t − m spectrum . Let us observe, that this effective temperature depends on the freeze-out temperature scale T 0 and on the radial flow coefficient ρ 0 , but to a leading order, it does not depend on the flow anisotropy parameter ρ 2 . In contrast, the elliptic flow is increasing linearly with ρ 2 . Thus, naively, one expects that the mass dependence of the slope parameters can be utilized to determine the freeze-out temperature T 0 and the radial flow parameter ρ 0 , then using these parameters one could extract the flow anisotropy parameter ρ 2 from the data on the elliptic flow v 2 .
If the temperature inhomogeneity parameter is very small, a 2 ≪ T 0 /m t , then M ≈ m t , and one can adopt such a simple minded strategy. Let us then consider the HBT radii in this a ≃ 0 case:
AsẊ andẎ are given by ρ 0 and ρ 2 the new fit parameters will be the actual sizes X and Y . So if a = 0, one can obtain the freeze-out temperature and the radial flow parameter from the mass dependence of the slopes, then momentum anisotropy parameter ρ 2 can be obtained from v 2 using T 0 and ρ 0 , finally X and Y come from the HBT radii. However, the temperature inhomogeneity parameter a 2 couples to all expressions through the effective mass scale M defined above, and makes such a simple strategy impractical, except in the case of a = 0.
As such a naive strategy cannot be applied in the general case, because parameter a appears in a non-trivial manner in both the slope, the elliptic flow and the HBT data, we have tried to do a simultaneous description of slope parameters, elliptic flow and HBT radii. To estimate a reasonable range of the model parameters, we first have selected a centrality class, 20-30%, where such data are available. First, we have obtained the slopes of single-particle azimuthally integrated spectra in m t − m. The exponential fits to PHENIX identified pion, kaon, proton (and antiparticle) spectra from 20-30% centrality class are obtained in just the same way as it was done for other centrality classes in ref. [37] :
). The fit range was 0.2 GeV < m t − m < 1 GeV for π + and π − , while it was 0.1 GeV < m t − m < for K + , K − , p and p. The fits are shown in Figure 4 and effective temperatures are summarized in Table 1 . PHENIX spectra were used here because they are corrected for weak decays.
In the second step we describe qualitatively the RHIC 20-30% central √ s NN = 200GeV Au+Au data. We compared the full Buda-Lund formulas for the slopes, elliptic flow and azimuthally sensitive HBT radii, eqs. (18), (19) , (22), (28b), and (28c) to azimuthally sensitive HBT radii from STAR [39] , the mass dependence of effective temperatures from PHENIX [37] , and pion v 2 data from STAR [38] . For such an overall procedure, the fit parameters are T 0 , X, Y , ρ 0 , ρ 2 and a. One can get R * ,x and R * ,y via eqs. ( 
Conclusions
We have shown that in the Buda-Lund model the expansion of the velocity field is oriented in such a way that the elliptic flow only depends on the asymmetry of the expansion velocity in the directions in and out of the reaction plane. Unlike the blast-wave model, there is no influence of the elliptic shape of transverse cross-section.
Oscillation of the transverse correlation radii is shaped by flow as well as spatial anisotropy. This is again different from the blast-wave model: in the azimuthally nonsymmetric generalization of that model which was able to describe RHIC data, correlation radii mainly depend on the ellipsoidal shape and less so on the anisotropy of the flow.
A first analysis of the single particle spectra, elliptic flow and azimuthally sensitive HBT radii was presented. The formulas obtained from the full Buda-Lund model yield a reasonable description of these data with a reasonable choice of the model parameters, indicating, that the ellipsoidally symmetric Buda-Lund model has reasonable properties when compared to azimuthally sensitive HBT data.
Note that the present formulas were obtained in a Gaussian approximation to the proper-time distribution and to the saddle-point integration of the source function. Non-Gaussian features were reported earlier when performing an advanced saddle point integration -deviations from Gaussian HBT correlations were predicted in the longitudinal direction already in the azimuthally symmetric version, see e.g. [22] . Also, a non-Gaussian propertime distribution would result in non-Gaussian distributions in directions coupled to the out direction, but these effects are not explored in the current manuscript.
A unique feature, which could eventually falsify the use of the single saddle point approximation and the Gaussian version of the Buda-Lund model for the description of data is the fact that there is only explicit and no implicit azimuthal dependence of the correlation radii. In such models oscillation amplitudes of R However, some of the conclusions like the fireball freezes out early, when X ≃ Y butẊ >Ẏ , seem to be robust features of the data, as these features are obtained in different models like the Buda-Lund and the blast-wave models independently.
More work has to be done to explore more quantitatively the fitting procedure, the error estimation and the confidence level tests, using the full formulas.
